Strichartz estimates for Schrodinger equations with variable 
coefficients and potentials at most linear at spatial infinity 
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Abstract 

In the present paper we consider Schrodinger equations with variable coefficients and poten- 
tials, where the principal part is a long-range perturbation of the flat Laplacian and potentials 
have at most linear growth at spatial infinity. We then prove local-in-time Strichartz estimates, 
outside a large compact set centered at origin, expect for the endpoint. Moreover we also prove 
global-in-space Strichartz estimates under the non-trapping condition on the Hamilton flow 
generated by the kinetic energy. 

1 Introduction 

In this paper we study the so called (local-in-time) Strichartz estimates for the solutions to d- 
dimensional time-dependent Schrodinger equations 

id t u(t) = Hu(t), t e R; w| t=0 = u E L 2 {R d ), (1.1) 

where d > 1 and H is a Schrodinger operator with variable coefficients: 

d 

H = ~2 £ d x ^ k (x)d Xk +V(x). 

3,k=l 

Throughout the paper we assume that a^ k (x) and V(x) are real- valued and smooth on R d , and 
(a-' k (x)) is a symmetric matrix satisfying 

C _1 Id < {a ]k {x)) < CId, xeR d , 

with some C > 0. We also assume 

Assumption A. There exist constants fj,, v > such that, for any a £ TA_, 

\d a ^ k {x)-5 jk )\ < C a (x)-*- M , \8£V(x)\ < C a {xf- v -\ a \ x e M d , 
with some C a > 0. 

We may assume /i < 1 and v < 2 without loss of generality. It is well known that H is 
essentially self-adjoint on C£°(W. d ) under Assumption [Al and we denote the unique self-adjoint 
extension on L 2 (R d ) by the same symbol H. By the Stone theorem, the solution to (|1.1[) is given 
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by u(t) = e~ uq, where e~ lfH is a unique unitary group on L 2 (M. d ) generated by H and called 
the propagator. 

Let us recall the (global-in-time) Strichartz estimates for the free Schrodinger equation state 
that 

||e l * A//2 Uo|| I/3 ,( R . i<I ( R< i) < C||uo|| i2 ( H <i), (1.2) 
where (p, q) satisfies the following admissible condition 

2<p,q<oo, - + - = -, {d,p,q)^ (2,2,oo). (1.3) 
p q 2 

For d > 3, (p,q) = (2, -jzz) is called the endpoint. It is well known that these estimates are 
fundamental in studying the local well-posedness of Cauchy problem of nonlinear Schrodinger 
equations (see, e.g., [5]). The estimates (|1.2p were first proved by Strichartz [53] for a restricted 
pair of (p, q) with p = q = 2(d + 2)/d, and have been extensively generalized for (p, q) satisfying 
(|1.3[) by [T2l [15] . Moreover, in the flat case {aP k = Sjk), local-in-time Strichartz estimates 

\\ ettH u o\\LP([-T,T]-Li{K d )) < CT||uo|lL2(] R d), (1.4) 

have been extended to the case with potentials decaying at infinity [25. or increasing at most 
quadratically at infinity [26] . In particular, if V(x) has at most quadratic growth at spatial infinity, 
i.e., 

V e C°°(R d ;R), \B%V{x)\ < C a for \a\ > 2, 

then it was shown by Fujiwara [TT] that the fundamental solution E(t, x, y) of the propagator e~ ltH 
satisfies 

\E(t,x,y)\ <\t\- d ' 2 , x,yeR d , 

for t ^ small enough. The estimates (jl.4p are immediate consequences of this estimate and the 
TT*-argument due to Ginibre-Velo [T2] (see Keel-Tao [TS] for the endpoint estimate) . For the case 
with magnetic fields or singular potentials, we refer to Yajima [2E1 HZ] and references therein. 

On the other hand, local-in-time Strichartz estimates on manifolds have recently been proved 
by many authors under several conditions on the geometry. Staffilani-Tataru [35], Robbiano-Zuily 
[18] and Bouclet-Tzvetkov [2] studied the case on the Euclidean space with the asymptotically flat 
metric under several settings. In particular, Bouclet-Tzvetkov [5] proved local-in-timc Strichartz es- 
timates without loss of derivatives under Assumption A with /i > and v > 2 and the non-trapping 
condition. Burq-Gerard-Tzvetkov [1] proved Strichartz estimates with a loss of derivative 1/p on 
any compact manifolds without boundaries. They also proved that the loss 1/p is optimal in the 
case of M = § d . Hassell-Tao-Wunsch [13] and the author [17] considered the case of non-trapping 
asymptotically conic manifolds which are non-compact Riemannian manifolds with an asymptot- 
ically conic structure at infinity. Bouclet [I] studied the case of an asymptotically hyperbolic 
manifold. Burq-Guillarmou-Hassell [5] recently studied the case of asymptotically conic manifolds 
with hyperbolic trapped trajectories of sufficiently small fractal dimension. For global-in-time 
Strichartz estimates, we refer to [TQl [8] and the references therein in the case with electromagnetic 
potentials, and to [3] [231 ES] in the case of Euclidean space with an asymptotically flat metric. 

The main purpose of the paper is to handle a mixed case of above two situations. More precisely, 
we show that local-in-time Strichartz estimates for long-range perturbations still hold (without loss 
of derivatives) if we add unbounded potentials which have at most linear growth at spatial infinity 
(i.e., v > 1), at least excluding the endpoint (p, q) — (2,2d/(d — 2)). To the best knowledge of 
the author, our result may be a first example on the case where both of variable coefficients and 
unbounded potentials in the spatial variable x are present. 
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To state the result, we recall the non-trapping condition. We denote by 

1 d 1 d 

H = H-V = --J2 d Xj a^ k (x)d Xk , k(x,0 = - £ a jk (x)^ k , 

j,k—l j,k—l 

the principal part of H and the kinetic energy, respectively, and also denote by 

(yo(t,x,€),vo(t>x,(i)) 

the Hamilton flow generated by k(x, £): 

y (t) = d e k(y (t),ri Q (t)), f) (t) = -d x k{y (t), m (t)); (j/ (0), *»(0)) - (s,0- 

Note that the Hamiltonian vector field Hk, generated by k, is complete on R 2d since (a^ k ) satisfies 
the uniform elliptic condition, and (j/o(t, x, £), ??o(i> %> £)) nence exists for all t £ M. We consider 
the following non-trapping condition: 

For any e T*R d with £ ^ 0, |2/o(t,^,OI ^ +°° as 1 ~> ±0 °- ( L5 ) 

We now state our main result. 

Theorem 1.1. (i) Suppose that H satisfies Assumption\^ with /i > and v > 1. Then, there 
exist Rq > Zarge enough and xo S C^°(IR d ) mi/i Xo^) = 1 / or M < suc/i i/iai, /or any T > 
and (p, q) satisfying (jl.3D and p ^ 2, there exists Ct > suc/i £/ia£ 

— Xo)e ltff Mo|lLP([_T,T];Li(R d )) - Cr||wo|lL2( R d). (1.6) 

(ii) Suppose that H satisfies Assumvtion\M with /i = v = and fe(:r, £) satisfies the non-trapping 
condition (|1.5[) . Then, for any \ £ Cq°(R ), T > and (p, g) satisfying (|1.3[) and p ^2, we have 

\\X e %tR ' u o\\LP([-T,T];Li(M d )) ^ ^r||wo||i2(K<i). (1.7) 

Moreover, combining with (II. 6[) . we obtain global-in- space estimates 

ll e ** u Cl|lii'([-T,T];£«(R i )) - Cr||uo|| L 2( R d), 

provided that /i > and u > 1. 

We here display the outline of the paper and explain the idea of the proof of Theorem 11.11 By 
the virtue of the Littlewood-Paley theory in terms of i?o, the proof of (|1.6[) can be reduced to that 
of following semi-classical Strichartz estimates: 

11(1 - Xo)^{ h2H o)e~ ltH u \\ LP{[ _ TT] . Lq{Rd)) < C T \\uo\\ L 2 {Mdy < h < 1, 

where V' £ Co°0&) with supp^ (s (0, oo) and Ct > is independent of h. Moreover, there exists a 
smooth function a 6 C co (M 2d ) supported in a neighborhood of the support of (1 — xo)^ ° k such 
that (1 — xo) ( p(h 2 Ho) can be replaced with semi-classical pseudodifierential operator a(x,hD). 
In Section [3J we collect some known results on the semi-classical pseudo-differential calculus and 
prove such a reduction to semi-classical estimates. Rescaling t H> th, we want to show dispersive 
estimates for e lthH on. a time scale of order ft -1 for proving semi-classical Strichartz estimates. To 
prove dispersive estimates, we construct two kinds of parametrices, namely the Isozaki-Kitada and 
the WKB parametrices. Let a^ 1 G S(l,dx 2 /(x) +d£ 2 /(£) ) be symbols supported in the following 
outgoing and incoming regions: 

{{x,t)]\x\>Ro, |£| 2 eJ, ±x ■ £ > -(l/2)\x\\£\}, 
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respectively, where J (s (0, oo) is an open interval so that 7r^(supp tpok) <s J and ir^ is the projection 
onto the £-space. If if is a long-range perturbation of — (1/2)A, then the outgoing (resp. incoming) 
Isozaki-Kitada parametrix of e~ ttH a + (x,hD) for < t < h^ 1 (resp. e~ ztH a~(x,hD) for — h^ 1 < 
t < 0) has been constructed by Robert [5U] (see, also [5]). However, because of the unboundcdness 
of V with respect to x, it is difficult to construct such parametrices of e~ tthH a (x,hD) . To 
overcome this difficulty, we use a method due to Yajima-Zhang |29j as follows. We approximate 
e -ithH ^ e -ithH h ^ w h ere H h = H - V + Vh and Vn vanishes in the region {x; \x\ >• h^ 1 }. Suppose 
that a + (resp. a~) is supported in the intersection of the outgoing (resp. incoming) region and 
{x; \x\ < h^ 1 }. In Section^ we construct the Isozaki-Kitada parametrix of e~ lthHh a ± (x,hD) for 
< ±t < h- 1 and prove the following justification of the approximation: for any N > 0, 

sup \\(e- lthH ^e- uhHh )a ± (x,hD)f\\ L2 <C N h N \\f\\ L2 , Q<h<l. 

In Section 21 we discuss the WKB parametrix construction of e~ lthH a(x, hD) on a time scale of 
order h" 1 , where a is supported in {(#, £); \x\ > h^ 1 , |£| 2 G /}. Such a parametrix construction 
is basically known for the potential perturbation case (see, e.g., [28]) and has been proved by the 
author for the case on asymptotically conic manifolds |17) . Combining these results studied in 
Sections [5J [3] and U] with the Keel-Tao theorem [TS], we prove semi-classical Strichartz estimates in 
Section [S] Section [5] is devoted to the proof of (|1.7I) . The proof heavily depends on local smoothing 
effects due to Doi [5] and the Chirist-Kiselev lemma [7]. The method of the proof is similar as 
that in Robbiano-Zuily [18] . Appendix El is devoted to prove some technical inequalities on the 
Hamilton flow needed for constructing the WKB parametrix. 

Throughout the paper we use the following notations. For A, B > 0, A < B means that there 
exists some universal constant C > such that A < CB. We denote the set of multi-indices by 
lA. For Banach spaces X and Y, L(X,Y) denotes the Banach space of bounded operators from 
X to Y, and we write L(X) := L(X,X). 



2 Reduction to semi-classical estimates 

We here show that Theorem II. II fi) follows from semi-classical Strichartz estimates. We first record 
known results on the pseudo-differential calculus and the L p -functional calculus. For any symbol 
a E C°°(R 2d ) and h G (0, 1], we denote the semi-classical pseudo-differential operator (/i-PDO for 
short) by a(x, hD x ): 

a(x, hD x )u(x) = (2nh)- d J e i( - x - yH/h a(x, £)u(y)dyd£, u e S(M d ), 

where §(R d ) is the Schwartz class. For a metric 

g = dx 2 /{xf + d£ 2 /(0 2 on T*R d , 

we consider Hormander's symbol class S(m, g) with a weighted function m, namely we write 
a G S(m,g) if a G C°°(R 2d ) and 

l^afo 01 < C a pm(x,0(x)- ]al (0~ m , x,£ G R d . 

Let a G S(mi,g), b G S(rri2,g). For any N = 0, 1, 2, the symbol of the composition a(x, hD)b(x, hD), 
denoted by aftfr, has an asymptotic expansion 

N 

4b(x,0= E ^zr-Aa(x,0-d x b(x,$ + h N+1 r N (x,0 (2.1) 

\a\<N 
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with some rjy G S((x) N N 1 ?7iiTO2, g). For a G 5(1, 5), a(a;, hD x ) is extended to a bounded 

operator on L 2 (R d ). Moreover, if a € 5((£) _ ,5) for some N > d, then the distribution kernel 
■A/iC^iJ/) oi a(x,hD) satisfies 

sup / \A h (x, y)\dy + sup / |A A (a;, < C 



for some C > independent of ft.. By using this estimate, the Schur lemma and an interpolation, 
we have 

Hx^D^^^^KCgrh- 4 ^- 1 ^, 1 <<?<r<oo, he (0,1], 

where C gr > is independent of /i. 

We next consider the L p -functional calculus. The following lemma, which has been proved 
by [5J Proposition 2.5], tells us that for any <p G Cq°(R) with suppy <s (0, 00), (p(h 2 Ho) can be 
approximated in terms of the /i-PDO. 

Lemma 2.1. Let ^ G Co°(R), supp</? <s (0, 00) and N > a non-negative integer. Then there 
exist symbols dj G 5(1, 5), j = 0, 1, TV, smc/i f/iaf 

(i) ao(a:,C) — ^(&0&)O) and a,j(x,t;) are supported in the support of ip(k(x,£)) for any j. 

(ii) For every 1 < q < r < 00 there exists C qr > such that 

uniformly with respect to h G (0, 1]. 

(iii) There exists a constant Nq > such that, for all 1 < q < r < 00, 

lb(^o)-o(x,W? a! )|| £(£ , (Rd))Lr(Ri)) < CV^-^-^/s-i/r) 

uniformly with respect to h G (0, 1], where a = ^] -_ Q /^'oj. 

Remark 2.2. We note that Assumption 1X1 implies a stronger bounds on a,: 

|a?^a i (x J oi<c a/J <»)- J - |a| ^r 1 ^ 1 . 

though we do not use this estimate in the following argument. 

We next recall the Littlewood-Paley decomposition in terms of ip(h 2 Ho). Consider a 4-adic 
partition of unity with respect to [1, 00): 

00 

5>(2- 2 n) = l, A G [1, 00), 
3=0 

where tp G Cq°(K) with suppt^ C [1/4,4] and < (p < 1. 

Lemma 2.3. Let x G C§°(R d ). T/ien, /or all 2 < q < 00 with < ef(l/2 -l/q)< 1, 

(OO 
El|(l~xM2- 2 ^o)/|lL (K 

This lemma can be proved similarly to the case of the Laplace-Beltrami operator on compact 
manifolds without boundaries (cf. [H Corollary 2.3]). By using this lemma, we have the following: 

Proposition 2.4. Let xo be as that in Theorem Suppose that there exist ho, 5 > small 
enough such that, for any ip G C°°((0, 00)) and any admissible pair (p, q) with p > 2, 

||(1 - XoMh 2 Ho)e- ltH u \\ LP{[ _ ss] . Lq{Rd)) < C||u || i3(R<i) , (2.2) 

uniformly with respect to h G (0, ho]- Then, the statement of Theorem \l.l\ (i) holds. 
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Proof. By Lemma \2. 31 with / = e ltH uo, the Minkowski inequality and the unitarity of e ltH on 
L 2 (R d ), we have 

11(1 ~ Xo)e _ '*' ff Wo|lL P ([_ ( 5 i 5] ; L9(Kd)) 

» 1/2 

£ ll«0|| £ »(R««) + I IK 1 - Xo)^(2" 2j i?o)e"' itH U |lL([- ,> ,: ,« i i 

For < j < [— log /lo] + 1, we have the bound 

[-log h ] + l 

11/1 V./1-2.7 it \„-itH.. I 

lLP([-<5,.5];L9(K d )) 



£ ||(l-XoM2- 2 ^o) e ^%)||j 



[-log h ] + i 

~ E l'^ 2 2 "'- ff o)ll£(L 2 (R ti ),L9(R d ))ll e ** if ' U o|lLoo([_ 5i< 5] ;L 2( Rt i)) 

< ([-logft ] + l)2([-^'-] +1 W/2-i/,)|| Uo || i2(Rd) . 
Choosing ip 6 C^°(M) with r/> = 1 on suppv?, we can write 
ip(h 2 H )e- ltH 

= TP{h 2 H )e- ltH p{h 2 H ) + i>(h 2 H )t f e~ l ^ s)H [V, <p(h 2 H )] e - lsH ds 

Jo 

= 4>{h 2 H )e- ltH ^{h 2 H {) ) + R(t, ft). 
Since [H, ip(h 2 H Q )] = [V, ip{h 2 H )} = 0(h) on L 2 (R d ), the remainder term R(t, ft) satisfies 

0<t<l ^\\£{L 2 {*R d ),L<i(R d )) 

< ||V , (^o)IU (z ,2 (ffid)>i<!(R< i )) ||[V,^(/i 2 Ho)]|U (i 2 (R< , )) ( 2 - 3 ) 

< / 1 -' i ( 1 /2-l/<?) + ^ 

We here note that 7 := -<2(l/2-l/g) + l = -2/p+l > since p > 2. By ([23), flO) with ft = 2~ j 
and the almost orthogonality of supp </?(2~ 2: ' -), we obtain 

00 

U 0|liP([-«,i];i9(R'«)) 

3=[- log h ] 
00 

< ^ (||^(2- 2 -'- J ffoWlli 2(R , ) +2- 2 ^|| M o|li 2(R , ) ) 

3=1- l°g fco] 

~ ll U 0|| L 2(Rd)7 

Combining with the bound for < j < [— logfto] + 1, we have 

11(1 - Xo)e UH Uo\\ L p([-8,S]-Li(M d )) ~ H M o|lL2( R d). 

Finally, we split the time interval [— T, T] into ([T/6] + 1) intervals with size 26, and obtain 
11(1 - Xo)i>(h 2 Ho)e- ttH uo\\ LP{[ _ TT] . Lq{Rd)) 

[T/S]+l 

< E ll( 1 -Xo)^(^i?o)e-^e-( fe + 1 ^uo|| LP(hM];L , (R£i)) 

fc=-[T/5] 

< C T ||uo|| L 2 (Rti )- 

□ 
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3 Isozaki-Kitada parametrix 



In this section we assume Assumption \K\ with 0</i = ^<l/2 without loss of generality, and 
construct the Isozaki-Kitada parametrix. Since the potential V can grow at infinity, it is difficult 
to construct directly the Isozaki-Kitada parametrix for e~ UH even though we restrict it in an 
outgoing or incoming region. To overcome this difficulty, we approximate e~~ ltH as follows. Let 
p £ C^°(M d ) be a cut-off function such that p(x) = 1 if \x\ < 1 and p(x) = if |x| > 2. For a small 
constant e > and h € (0, 1], we define Hh by 

H h = H a + V h , V h = V(x)p(ehx) . 

We note that, for any fixed e > 0, 

h 2 \d»V h {x)\ < C a h 2 {xf-^ < C e , a {x)-^ a \ x G R d , 

where C e . a may be taken uniformly with respect to h € (0,1]. Such a type modification has 
been used to prove Strichartz estimates and local smoothing effects for Schrodingcr equations with 
super-quadratic potentials (see, Yajima-Zhang [521 Section 4]). 

For R > 0, an open interval J <e (0, oo) and — I < a < 1, we define the outgoing and incoming 
regions by 

r^J.a) := {(*,£) eR 2d ;\x\ > R, |£| € J, > -aj , 

respectively. Since Ho + h 2 Vh is a long-range perturbation of — A/2, we have the following theorem 
due to Robert [20] and Bouclet-Tzvetkov [2]. 

Theorem 3.1. Let J,Jq,J\ and J 2 be relatively compact open intervals, o~,gq,o~\ and a 2 real 
numbers so that J <s Jo <s J\ <s J 2 <s (0,oo) and —I < a < ctq < <ti < < 1. Fke arbitrarily 
e > 0. TTien f/iere ernsi i?o > /arye enough and ho > small enough such that the followings 
hold. 

(i) There exist two families of smooth functions 

{S+;he{0,h },R>R }, {S-;h£(0 : h },R>R }cC oc (R 2d ;R) 
satisfying the Eikonal equation associated to k + h 2 Vh'. 

k(x,d x S±(x,0) + h 2 V h (x) = ^\ 2 , {x,£,)<-T ± {R 1 /\j 2 ,a 2 ), he(0,h o ], 
respectively, such that 

\d:d^(s^(x,0-^-0\<c aP (x} 1 -^, a,(3eZ d + , x,£eR d , (3.1) 

where C a p > may be taken uniformly with respect to R and h. 

(ii) For every R > Rq, h G (0, h^\ and N = 0,1, we can find 

N 

b t =J2 hjb tj G S ^9) with suppfe^- C r ± (i? 1 / 3 , J 1( <7i) 

3=0 

such that, for every a^ 1 £ S(l,g) with suppa^ C r ± (i?, J, a), there exist 

N 

4 = J2 h ' c tA h ) G S 0->9) ^th suppc^- C r ± (i? 1 / 2 , J ,a ) 
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such that, for all ±t > 0, 

e- lthH -a ± (x,hD) = ? lK (S±,b±)e uhA / 2 ? lK (S±,c±y + Q± K (t,h,N), 
respectively, where 3tk(S^, w) are Fourier integral operators defined by 

?iK(Stw)f(x) = —!— f e^^y^l h w{x^)f{y)dyd^ 



(2-?rh) d 

respectively. Moreover, for all s € K there exists Cn > such that 

\\(h 2 H h + LyQ± K (t,h,N)\\ c{L2{Rd)) < C N h N ^ (3.2) 

uniformly with respect to h G (0, ho] and < ±i < h , where L > 1, independent of h, t and x, 
is a large constant so that h 2 Vh + L > 1. 

(iii) The distribution kernels K^(t,h,x,y) of 3 r iK(5 , / ^, &^)e _l " lA / 2 3 r iK:(<S^ : , c^)* satisfy dispersive 
estimates: 

\K± K (t 1 h,x, y )\<C\th\- d l\ (3.3) 
for any h G (0, ho], < ±t < h^ 1 and x, £ G M d , respectively. 

Proof. This theorem is basically known, and we only check (13.2[) for the outgoing case. For the 
detail of the proof, we refer to [201 Section 4] and [H Section 3] . We also refer to the original paper 
by Isozaki-Kitada [T4"] . 

The remainder Q^ K (t, h,N) consists of the following three parts: 

~ h N+1 e- lthHh qi {h,x,hD), 

-ih N /^" ^ ( t -^^J I + K (5^g 2 (/ ^ )) e ^ ^ A / 2 J ^< (^, C +)*dr, 
Jo 

-(i/h) [ e-^-^ hHh Q(T,h)dT, 



where {qi(h, •, •), 92 (/i, •, -)i h S (0, fto]} C Hm=i ^(0 M j#) i s a bounded set, and Q(s, h) is 

a integral operator with a kernel g(s, /i, x, y) satisfying 

\c%dPq(T,h,x,y)\ <C a ph M -\ a+ ^(l+\T\ + \x\ + \y\)- M+ \ a+ ^, r > 0, 

for any M > 0. A standard L 2 -boundedness of /i-PDO and FIO then imply 

\\(h 2 Ho + iy(q 1 (h,x i hD)+3^(S+,q 2 (h)))\\ L{L2{Rd)) < C s , 

and a direct computation yields 

||(fe 3 ff + l)'O(T,ft)|U (ia(Ri)) <C^. 

On the other hand, if we choose a constant L > so large that h 2 Vh + L > 1, then we have 

IK^ + Lj-^ffo + lJ-IU^^j <C S . (3.4) 

Indeed, if s is a positive integer, then (|3.4[) is obvious since h 2 Vh + L < 1. For any negative integer 
s, (pT4")l follows from the fact that h 2 H + 1 < /i 2 ^ + L. For general s G K, we obtain (|3.4p by 
an interpolation. Q3.2p follows from the above three estimates since {h 2 Hh + L) s commutes with 

e -ithH h rj 
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The following key lemma tells us that one can still construct the Isozaki-Kitada parametrix of 
the original propagator e ~ lthH if W e restrict the support of initial data in the region {x; \x\ < h^ 1 }. 

Lemma 3.2. Suppose that {a^ }h6(o,i] are bounded sets in S(l,g) and satisfy 

suppa^ C T ± (i?, J, a) n {x; \x\ < h^ 1 }, 

respectively. Then for any M > 0, h € (0, ho] and < ±t < h , we have 

\\(e- ithH -e- mH *)a±(x,hD)]\ HL2m) < C M h M , 

where Cm > is independent of h and t. 

Proof. We prove the lemma for the outgoing case only, and the proof of incoming case is completely 
analogous. We set A = a^(x, hD) and Wh = V — Vh- The Duhamel formula yields 

f^-ithH _ e -ithH h ^ 

= -ih f e- t(t - s)hH W h e- tshHh Ads 
Jo 

-ih I e -^ s)hH e~ tshHh W h Ads 

-i(t-s)hH f e -Ks-r)hH h [ H ^ Wh } e -iThH hAdTds _ 



,2 



Since suppa^(-,£) C {x; \x\ < h l }, we learn supply na|(',() = if e < 1. Combining with the 
asymptotic formula (I2.1[) . this support property implies 

\\ W h A \\L(L^(R")) < C M h M 

for any M > 0. A direct computation yields that [Ho, Wh] is of the form 



^ a a (x)d", suppa„ C supp W h , \d^a a (x)\ < C a p{x) 

a|=0,l 



-p+H-|/3| 



The support property of Wh again yields 



[H h , [Ho, Wh]]A\\ L{L2md)) < C M h M . 



\L(L 

We next consider [Hh, [K, Wh]] which has the form 

]T b a {x)8S + W x (x), 

|o|=l,2 

where b a and W\ are supported in supp Wh and satisfy 

\d£b a (x)\ < C a(j {x)- 2 -^- m , \d^ x Wx{x)\ < c af3 (x} 2 -^. 

Setting Ii = J2\ a \=i 2 b a (x)d™ and := [l/n] + 1, we iterate this procedure times with Wh 
replaced by W\. (eT lthH — e~ tthHh )A then can be brought to a linear combination of the following 
forms (modulo 0{h M ) on L 2 (R d )): 

I e -i(t- Sl )h.H e -i( Sl - Sj )hH hI , /2e -i Sj hH h A(Js , . . . 

Jt>si>»>Sj>0 

for j = 2m, m — 1,2, .., N^, and 

e -i(t- S1 )hH e -i( sl -s Nlt )hH hWN e -^N„hH hMs2N ...fo 



I 



t>si>— >sw„ >0 
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where Ik are second order differential operators with smooth and bounded coefficients, and Wn 
is a bounded function since 2 — < 0. Moreover, they are supported in {x; \x\ > (eh)^ 1 }. 

Therefore, it is sufficient to show that, for any h € (0, ho], < r < h" 1 , a e and M > 0, 

||(1 - p{ehx))d«e-* hH -A\\ L{L * m) < C M , a h M -^. (3.5) 

We now apply Theorem 13. II to e ~ lThH hA and obtain 

e -irhH hA = Jik(s + b + )e irhA/2 Jik(s + + Q + (ij /lj ^ 

Recall that the elliptic nature of Ho implies, for every s > 0, 

||(D) s (/i 2 if + l)- s/2 /ll L2(R<1) < Ch- s \\f\\ L2{Rdv 
\\(h 2 H + l) s ' 2 {h 2 H h + L)- s / 2 f\\ L2(Rd) <C\\f\\ L2{Md) , 

if L > so large that h 2 Hh + L > 1. Combining these estimates with (I3.2|) . the remainder satisfies 

||(^) s Q+ K (t>,iv)/|| L2(R£i) ^c^^- 1 - 5 !!/!!^^), s >o. 

The main term can be handled in terms of the non-stationary phase method as follows. The 
distribution kernel of the main term is given by 



(27rh)- d (l-p(ehx))d: J j*U™>M%(x,t)c+(v,t)dt, (3.6) 

where $%(t,x,u,£) = S£(x,f;) - \t\£\ 2 - S^(y,£). We here claim that 

suppc+ c {(^Oel^fl+^^+^Ol/O). (3.7) 
This property follows from the construction of c^(h), j — 0, 1, N. We set 



»i 

5+ 



S+(x,y,£)= d x S+(y + 0(x-y),Od9. 
Jo 

Let £ H> [5 / ^]~ 1 (o;, y, £) be the inverse map of £ i-> S£(x, y, £), and we denote their Jacobians 
by Ai = | det d^S^(x, y, £)| and A 2 = | det 9J5^] _1 (x, y, £)|, respectively. c^(/i) then satisfy the 
following triangular system: 

= ^o^O" 1 (^(x^+^y,^) , i = 0,l,...,jV, 

where r^ = a^(x, S£(x, y,£)) and rj~, j > 1, is a linear combination of 

i ( Wtf,*, (x, [5+]" 1 (x, y, 0)< fel (j/, (or, y, 0)4 

where a £ Z^ and ko, k% — 0,1,..., j so that < \a\ < j, ko + fci = j — \a\ and fci < j — 1. 
Therefore, we inductively obtain 

suppc£ Q C suppr^l^, suppc+ C suppc^._ x (/i), j = 1,2, ...,iV, 

and (|3.7[) follows. In particular, vanishes in the region {a;; \x\ > h^ 1 }. By using (|3.1j) . we have 

%$+(r, x, j,, = (* - y)(Id +0{R~^)) - r£, 
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which implies 
as long as R > 1 large enough. We now set 



\d^+(r,x,y,0\ >^--\y\-H\ 



2(supJ 2 ) 1 /2 + 2' 

Since \x\ > (eh)^ 1 , \y\ < h^ 1 and |£| 2 £ J 2 on the support of the amplitude, we have 
\d^+(T,x,y : 0\ > c(\x\ + h- 1 ) > c(l + \x\ + \y\ + \t\), 0<T<h~\ 
for some c > independent of h. Therefore, integrating by parts (|3.6[) with respect to 



we obtain 



(2nh)- d (l p{ehx))d a x d? j j*U r ™M h b+(x,t)ct(y,Odt 
< C aPM h M - d -\ a+ ^(l + \x\ + \y\+T)- M , 

for all M > 0, < r < hr Y and a,P £ Z+. (pT5j) then follows from the L 2 -boundedness of 
FIOs. □ 



4 WKB parametrix 

In the previous section we proved that e~ lthH is well approximated in terms of an Isozaki-Kitada 
parametrix on a time scale of order ft, -1 if we localize the initial data in regions r±(.R, J,a)n{x;R< 
\x\ < h^ 1 }. Therefore, it remains to control e~ lthH on a region {x; \x\ > h^ 1 }. In this section 
we construct the WKB parametrix for e~ lthH a(x, hD), where a £ 5(1, 3) with suppa C {(x, £) £ 
K 2d ; \x\ > h~ x , £| 2 £ J}. In what follows we assume that H satisfies Assumption 1X1 with \i = 
and v = 1. 

We first consider the phase function of the WKB parametrix, that is a solution to the time- 
dependent Hamilton- Jacobi equation generated by Ph(x, £) = k(x,£) + h 2 V(x). For R > and 
open interval J <e (0, 00), we set 

fi(JZ, J) := {(x, £) G K 2d ; |x| > i?/2, |£| 2 G J}. 

We note that Cl(Ri, J x ) C Q(-R 2 , J2) if #1 > #2 and J a C J 2 . 

Proposition 4.1. Choose arbitrarily an open interval J <s (0,cx)). Then, there exist 80 > and 
/io > small enouyh such that, for all h £ (0, ho], < R < h~ x and < S < Sq, we can construct 
a family of smooth functions 

{Vh(t,x,0}he{o,h ] C C°°((-6R,5R) x R 2d ) 
such that tyh(t,x,t;) satisfies the Hamilton- Jacobi equation associated to p^-' 

( d t ^ h (t, x, = -Ph{x, d x V h (t, x, £)), < \t\ < 6R, (x, £) G fi(JZ, J), 

\ * h (o,x,S) = x-z, (i,()ef!(fl,4 

Moreover, for all \t\ < SR and a,/3 £ Zi_, ^(i, x, £) satisfies 

\d%d^(y h (t,x,0-x-0\<C5R 1 -M, x,££R d , \a + (3\>2, 
\B£dl (* h (t, x,0-x-£ + tp h (x, 0) I < C aP SR^ \t\, x, £ G R d . 



(4.1) 



(4.2) 
(4.3) 
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Proof. We give the proof in Appendix [21 □ 

We next define the corresponding FIO. Let < R < h^ 1 , J <<= J\ d (0, oo) open intervals and 
defined by the previous proposition with R, J replaced by i?/4, J\, respectively. Suppose that 

{ah(t, •, -)}he(o.h ],o<t<SR is bounded in 5(1, 3) and supported in tt(R, J). We then define the FIO 

for WKB pax&metrix~3 WKB (y h (t),a h (t)) : S(R d ) -> S(R d ) by 

SWKB(*/,(i),a/,(i))u(aO = | e i ^ t ' x ^-y^ h a h {t,x,Ou(y)dyd^. 

Lemma 4.2. 3 r wKB(^'/i(i), «(^)) is bounded on L 2 (R d ) uniformly with respect to R, h and t: 

sup \\3"wKB(^h(t),a(t))\\ L{L2(Md)) <C. 

he(0,h o ],0<t<SR 

Proof. For \t\ < 5R, we define the map E(t, x, £, y) on R 3d by 

E(t,x,y,C= I (d x * h )(t,y + \(x-y),0d\. 



By (g2J, E(t,x,y,£,) satifies 

d^d](E(t >X) y,0 -0| < O^iT^I, |i| < <5J2, x,t/ e M d , 

and the map f h-> S(t, a;, £, y) hence is a diffeomorphism from E d onto itself for all \t\ < 5R and 
x, y € K d , provided that <5 > is small enough. Let £ M> [S] _1 (i, x, y, £) be the corresponding 
inverse. El -1 satisfies the same estimate as that for E: 



S£'^(|§]- 1 (*,x,I/,0-0 <CWiH a +^ on [-«m,<m] 



x M 3d . 



Using the change of variables £ h-> [E] 1 , JwKBf^ftW, a(*))3 r WKB0I r /i(i), a (0)* can be regarded as 
a semi-classical PDO with a smooth and bounded amplitude 



a h (t,x, [E] 1 (t,x,y,£))a h (t,y, [S]" 1 ^, x, ?/, £)) detd s [E] 1 (t,x,y,{,)\. 

Therefore, the i 2 -boundedness follows from the Calderon-Vaillancourt theorem. □ 

We now state the main result in this section. 

Theorem 4.3. Let J <s Jo Ji <s (0, 00) be open intervals. Then there exist So, ho > such that, 
for all h £ (0, ho], < R < h^ 1 , < <5 < <5o and all symbol 

a €5(1, g) with suppa € f2(-R, J), 

and all N > 0, we can find a semi- classical symbol 

N 

bh(t,x,£) =^2h J b h! j(t,x,£) 

with bhj(t, •, •) bounded in 5(1, g) and swppbh,j(t, •, •) C il(R/2, Jo) uniformly with respect to h G 
(0, hg] and \t\ < SR such that e~ a(x,hD x ) can be brought to the form 

e- tthH a{x, hD x ) = ? WKB (*h(t), b h (t)) + Q WKB (i, h, N), 
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where Jyjks^ h{t) , bh(t)) is the Fourier intehgral operator with the phase function ^h(t, x, £), 
defined in Proposition \4-l\ with R, J replaced by R/A,J\ respectively, and its distribution kernel 
satisfies the dispersive estimates: 

\K WKB (t,h,x,y)\ < C\th\- d ' 2 i h £ (0,h ], < \t\ < SR, R d . (4.4) 

Moreover the remainder Qwkb(^, h,N) satisfies 

\\QwKB(t,h,N)\\ /C(L2m) <C N h N \t\, h£(0,h o ], \t\<SR. 

Here the constants C, Cjv > can be taken uniformly with respect to h, t and R. 



Remark 4.4. The essential point of Theorem 14.31 is to construct the parametrix on the time 
interval \t\ < SR. When |i| > is small and independent of R, such a parametrix construction is 
basically well known (cf. [H]). 



Proof of Theorem \4-3\ We consider the case when t > and the proof for t < is similar. 
Construction of the amplitude. The Duhamel formula yields 

= ?wkb(*a (t), b h (t)) + ±J e-^-^ hH (hD a + h 2 H)3 WKB (y h ( s ),b h (s))ds. 

Therefore, it suffices to show that there exist bh,j with bh,o\t=o = a and bhj\t=o = for j > 1 such 
that 

\\(hD s + h 2 H)3 WKB (y h ( S ),b h (s))\\ L{L2) <C N h N+1 , 0<s<5R. (4.5) 

Let k + ki be the full symbol of Hq: Hq = k(x,D) + ki(x,D), and define a smooth vector field 
Xh(t) and a function ^h(t) by 

Xh(t,x,£) := (d £ k)(x,d x V h {t,x,0), y h {t,x,0 := [{k + h)(x, d x )* h ](t, x, £). 

Symbols {bh,j} can be constructed in terms of the method of characteristics as follows. For all 
< s,t < SR, we consider the flow Zh(t, s,x,£) generated by Xh(t), that is the solution to the 
following ODE: 

d t Zh(t,s,x,£) = 1 h {z h (t, s,x, £),£); z h (s,s) = x. 

Choose R' , R" and two intervals Jq, Jq so that 

R/2 > R' > R" > R/A, Jo (e Jq <e Jq <s (0, oo). 

(I4.3P and the same argument as that in the proof of Lemmas IA.1I and IA.2I imply that there exists 
So, ho > small enough such that, for all < 5 < So, h £ (0, ho] < R < h^ 1 and < s,t < SR, 
Zh(t, s) is well defined on fl(R", Jq) and satisfies 

\d^(z h (t,s ) x > 0-x)\ < C^SR 1 -^. (4.6) 

In particular, (zh(t, s, x, £), £) £ Q{R' , J') for < s, t < SR if S > 0, depending only on J", is small 
enough. We now define {bhj(t, x, £,)}o<j<N inductively by 

h,o{t, x, £_) = a(z h (0, f), £) exp (J ^ h (s, z h (s, t, x, £),£)ds 
b h,j(t,x,£,) 

= (iHob h ,j-i)(s,Zh(s,t),£)exp I / y h (u,z h (u,t,x,£),£,)du) ds. 
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Since suppa £ Q(R,J) and Zh(t,s,Q(R, J)) C {x; \x\ > R/2} for all < s,t < SR, bhj(t) are 



supported in Q(R/2, Jo). Thus, if we extend bhj on R 2d so that 



.... l2<! . ,, 1 1 



then 6/(j is still smooth in (£,£). By (|4.3I) and (|4.6|) . we learn 

|^y h (8,« h (s,t,a:,0,0l < C^i?- 1 -!"!, < s,t < SR. 

{b htj (t,-,-);h £ (0,ho\, < R < h' 1 , t £ [0,SR], < j < N} thus is abounded set in S(l,g) and 
supp bh t j(t, •, •) C Q(R/2, Jo) uniformly with respect to h £ (0, ho] and < t < SR. 

A standard Hamilton- Jacobi theory shows that bh,j(t) satisfy the following transport equations: 

f d t b hfi (t) + X h (t)b ht0 (t) + %(t)b h>0 (t) = 0, 

\ d t b htj {t) + X h (t)b hj (t) + \) h (t)b hij {t) = -iHobhj^t), j > 1, 

with the initial condition bh,o(0) = a, bhj(0) = 0, j = 1, 2, N. A direct computation then yields 
e -i*u{s,x,£)/hQ lDs + h i H ^ Uv^O/h^VbuA = 0(h N+1 ) in S{l,g) 



which, combined with Lemma 14.21 implies 
Dispersive estimates. The distribution kernel of ^wkb^/iW, bh(t)) is given by 

K vrKB (t,h,x,y) = -^r S J ei<?'><t>''Q-ve)b h {t,x,S)dZ. 

Since 6/,(t, x, £) has a compact support with respect to £, 

\K W KB(tih,x,y)\ <Ch- d <C\th\- d/2 for < t < h. 

We hence assume h < t without loss of generality. Choose x G 9) so that 0<x<l7X = l° n 
fi(i?/2, J ) and suppx C fl(R/4, Ji), and set 

iph{t,x,y,(i) = — €-Ph(x,Q +X{x,0 I ^Ph{x,C) 

By the definition, we obtain 

Mt,x,V,Z)= * h{t,X, f~ y '* , t£[h,SR], (x,Z)eSl(R/2,Ji), y£R d , 
and (|4.3[) implies 

' d^d^ h {t,x,y,0\ <C afj on [0,^]xl M , |a + /3|>2. 
Moreover, d 2 iph(t,x,y,£) can be brought to the form 

8fMt,x,y,0 = -(a ik {x)) 3 , k + Qh(t,x,£), 
where the error term Qh{t,x,£) is a d x <i-matrix satisfying 

d£d^Q h (t,x,£) <C aP 8h} a \ on [0,«?]xK 2d . 

Since (a J (x)) is uniformly elliptic, the stationary phase theorem implies that 

\K WKB (t,h,x,y)\ < Ch- d \t/h\- d ' 2 = C\th\- d ' 2 ', 
provided that 5 > is small enough. We complete the proof. 
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5 Proof of Theorem 11.11 (i) 

In this section we complete the proof of Theorem 11.11 (i). Let xo £ C yD (M d ) with xo = 1 on 
{|x| < Rq} and ip G Cq°((0, oo)). A partition unity argument and Lemma HOI show that there 
exist G S(l,g) with supped C r ± (i? , 1/2) such that (1 — xo)ip(h 2 H ) is approximated by 
a ± {x,hD): 

(1 - X o)ip(h 2 H ) = a+{x, hD)* + o~(x, W?)* + Q W, 
where J is (0, oo) is an open interval satisfying ^(supp^ o k) <s J and Qo(h) satisfies 

sup ||QoCi)||/;(L2( R d) L ,( R d)) < C g , g > 2. 
he(o,i] 

Let 6 G C^°(M d ; K) be a cut-off function such that b = 1 on a neighborhood of J. By the asymptotic 
formula (|2.1I) . we can write 

a ± (x, hD)* = b(hD)a ± (x, hD)* + Q x {h) 
where Qi(h) satisfies the same £{L 2 , L 9 )-estimate as that of Qo(h). Therefore, 

\\(Qo{h)+Qi(h))e- ltH u \\ LP{[ _ ss] . Lllimd)) <C\\u \\ L 2 m , ft G (0,1], (5.1) 
for any p, q > 2. 

Next, we shall prove the following dispersive estimate for the main terms: 
\\b(hD)a ± (x,hDye~^ H a ± (x,hD)b(hD)\\ L(L1(Rd) ^ {Md)) 



< C\t 



s 



-d/2 



(5.2) 



for < \t — s\ < 5. We first consider the outgoing case. Let us fix TV > 1 so large that N > 2rf + l. 
After rescaling t — s i-4 (t — s)h and choosing Ro > 1 large enough, we apply Theorem 13.11 with 
R = R Q , Lemma ET21 and Theorem IP1 with R = h- 1 to e -^- s ) hH a +(x, hD). Then, we can write 

e- t{t - s)hH a + {x,hD) 

= J 1K {S+, b+y^ hA / 2 3 1K (S+,c+)* + Jwkb(*/.(* - s),b h (t - a)) 
+ Q+(t~s,h), 

where the distribution kernels of main terms satisfy dispersive estimates 

\K+ K (t - s, h, x,y)\ + \K WKB {t - a, h,x,y)\ < C\(t - s)h\- d / 2 7 (5.3) 

uniformly with respect to h G (0, ho], < t — a < Sh^ 1 and x, y G M d . Let A(h, x, y) and B(h, x, y) 
be the distribution kernels of a(x,hD)* and b(hD), respectively. They clearly satisfy 

sup / (\A(h, x, y)\ + \B(h, x, y)\)dy + sup I (\A(h,x,y)\ + \B(h,x,y)\)dx < C 
x J y J 

uniformly in h G (0,1]. By using this estimate and (|5.3|) . we see that the distribution kernel 
of b(hD)a + (x, hD)* (e- l{t -^ hH a+ {x, hD) -Qt(t- s, h)) b(hD) satisfies the same dispersive esti- 
mates as (15.31) for < t — s < Sh^ 1 . On the other hand, Q%(t — s, h) satisfy 

\\Ql(t-s,h)\\ LiL2{Rd}) <C N h N , h£(0,h o ], O^t-sKSh- 1 . 

We here recall that a + (x, hD)* is uniformly bounded on L 2 (R d ) in h G (0, 1] and b(hD) satisfies 

\\b(hD)\\ 



< CM 



-2s 
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b(hD)a + (x , hD)*Q^(t — s, h)b(hD) hence is a bounded operator in L(H~ S , H s ) for some s > d/2. 
Its distribution kernel Q~£ (t— s, h, x, y) thus is uniformly bounded on R 2d with respect to h £ (0, ho] 
and < t — s < Sh^ 1 . Therefore, 

\Qt(t - s,h,x,y)\ < 1 < \{t- s)h\- d/2 , h S (0,/i ], < t - s < ShT 1 . 

The corresponding estimates for the incoming case also hold for < — (t — s) < dh^ 1 . Therefore, 
b(hD)a ± (x, hD)*e~ l ( t ~ s ) hH a ± (x, hD)b(hD) have distribution kernels K ± (t — s, h, x, y) satisfying 

{^(t - s,h,x,y)\ < C\(t - s)h\- d/2 (5.4) 

uniformly with respect to h £ (0, ho], < ±(t — s) < Sh^ 1 and x, y £ R d , respectively. 

We here use a simple trick due to Bouclet-Tzvetkov [2J Lemma 4.3.]. If we set U ± (t,h) — 
b(hD)a ± (x, hD)*e- lthH a ± (x, hD)b(hD), then 

^(s-^h) = f/^t - s,h)*, 

and hence K ± {s — t,h,x,y) — K±{t — s,h,y,x). Therefore, the estimates (|5.4I) also hold for 
< =p(t — s) < Sh" 1 and x, y £ R d . Rescaling (t — s)h h4 t — s, we obtain the estimate (15.21) . 

Finally, since the £(L 2 )-boundedness of a ± (x, hD)*e~ ltH is obvious, (|5.1[) . (|5.2[) and the Keel- 
Tao theorem [15 imply the desired semi-classical Strichartz estimates: 

sup ||(1 - Xa)^o( h2H o)e~ ltH uo\\ LP{[ ^ SiS] . Lq{Rd)) < C\\u a \\ L2{Rd) . 

h£(0,h o ] 

By the virtue of Proposition ^. 41 we complete the proof of Theorem ll.il (i). 

6 Proof of Theorem 11.11 (ii) 

In this section we prove Theorem ll.il (ii). Suppose that H satisfies Assumption [S] with \i = v = 
0. We first recall the local smoothing effects for Schrodinger operators with at most quadratic 
potentials proved by Doi [5]. For any s £ R, we set := {/ £ L 2 (R d ); {x) s f £ L 2 (R d ), (D) s f £ 
L 2 (R d )}, and define a symbol e s by 

e.(x,Z) := + \x\ 2 +L(s)y/ 2 £ S((l + \x\ + |£|) s ,g). 

We denote by E s its Weyl quantization: 

Esf{x) = hj ei(x ~ yHe ° (^r^) fWw*- 

Here L(s) > 1 is a large constant depending on s. Then, for any s £ R, there exists L(s) > such 
that E s is a homeomorphism from CB r+s to W for all r £ R, and (i? s ) _1 is still a Weyl quantization 
of a symbol in S((l + \x\ + |£|)~ s ,5)- 

Lemma 6.1 (The local smoothing effects [H]). Suppose that the kinetic energy k(x,£) satisfies the 
non-trapping condition (11.51) . Then, for any T > and a > 0, there exists Ct > such that 

\\{xy 1/2 ~ a E 1/2 u\\ L2{hTThL2{Md)) < C* T |K|| i2 , (6.1) 

where u — e~ ltH uo. 

Remark 6.2. Let \ £ Cq°(M. )■ (I6.1[) implies a usual local smoothing effect: 

1/2 

IK- ) Xw|| L 2 ([ _ TjT];i 2 (R d )) <C , r|K|| £ 2 (H d ) . (6.2) 
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Indeed, let xi £ C(j°(]R d ) be such that xi = 1 on suppx- We split {D) x ^ 2 x as follows: 

(D) 1/2 X = Xi(D) 1/2 X+l(D) 1/2 , Xl } X , 
Xi(D) 1/2 X = Xi{D) 1/2 {E 1/2 )- 1 E 1/2X 

= Xi(D) 1/2 (E 1/2 )- 1 xiE 1/2X + xi(D) 1/2 (E 1/2 )- 1 [E 1/2 ,xi}x- 

By a standard symbolic calculus, [{D) 1 ^ 2 ,xi\Xi Xi(D) 1 ^ 2 (£i/2) _1 and [Ei/ 2 ,Xi]x are bounded on 
L 2 (M. d ) since Xi has a compact support. Therefore, Lemma I5TT1 implies 

1/2 

IK- ) X M llL2([_ XX ]. i 2( R d)) < C||Xl-El/2X U ll i 2([_ XX ]. i 2( R d)) + CT||w|| L 2( R d) 

< Ct || uo II L 2 (R d)- 

Proof of Theorem ] 1.1\ (ii). We consider the case when < i < T only, and the proof for the negative 
time is similar. We mimic the argument in |18l Section II. 2]. A direct computation yields 

(idt + A)xit = Ax« + xHu 

= Xi(H + A)xixu + (xi[x, H] + [A, X i}x)u. 

We define a self-adjoint operator by H := — A + xi{H + A)xi, and set 

U(t) := e- ltil , F := (xi[x,#] + [A,Xi]xK 

We here note that if Hq satisfies the non-trapping condition then so does the principal part of H. 
By the Duhamel formula, we can write 



Xu = U(t) X u a + / U(t-s)F(s)ds. 
Jo 

Since xi{H + A)xi is a compactly supported smooth perturbation, it was proved by Staffilani- 
Tataru [22] that U(t) is bounded from L 2 (R d ) to L 2 ([0, T]; H^ 2 (R d )), and that its adjoint 

U*f I f-[-s)f { s..)ds 

is bounded from L 2 ([0, T]; H[ o l /2 (R d )) to L 2 (R d ). Moreover, t/(i) satisfies Strichartz estimates 
(for any admissible pair (p,q)): 

II^W w llz,J>([-r,T];L«(R' i )) - Ct|M| L 2, 

Therefore, we have 

cT 



U(t - s)F(s)ds 



o 



LP([-T,T];L« 



<C T \\U*F\\ L ^ 

< c T \\(Dy 1/2 F\ 



L 2 ([-T,T];L'< 



since F has a compact support with respect to x. The Christ-Kiselev lemma (see [7J [21]) then 
implies 

•t 

U(t-s)F(s)ds <C T \\(Dy 1/2 F\ 

LP([-T,T];Li(R d )) 

provided that p > 2. We split F as 

F = ([X, A]xi + [A, xi]x)« + [Xi, [x, H]]u =: F a + F 2 



L 2 ([-T,T];L2( R d)), 
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Since [\, H] is a first order differential operator with bounded coefficients, we see that [xi, [x,H]] 
is bounded on L 2 (R d ), and 1 1 (D)~ 1 ^ 2 F 2 \ \ L 2^_ T T]-L 2 (m d )) * s dominated by CT\\uo\\L 2 (s. d ) We now 



and obtain 

Fl\\L 2 ([-T,T];L 2 (St d )) — ( -'\\Xl u \\L 2 ([-T,T];H- 1 / 2 (R d )) 

< C\\{D) 1/2 xiu\\ L 2 {[ _ TT] . L 
<C T \\u \\ L2 , 

which completes the proof. 

A Proof of Propositon 14.11 

Assume Assumption A with [i = 0, v > 0. We here give the detail of the proof of Propositon 14. II 
We first study the corresponding classical mechanics. Consider the Hamilton flow 

(X h (t),~ h (t)) = (X h (t,x,t),~ h (t,x,0), he (0,1], 

generated by the semi-classical total energy 

Ph (x,0 =k(x,0 + h 2 V(x), 

i.e., (Xh(t), S/,(i)) is the solution to the Hamilton equations 

k 

S/ij(*) = "2 E -^-(X h (t))E h , k (t)E h M - h 2 — (X h (t)), 

with the initial condition (_X"/j(0), H^(0)) = (x, £), where / = We first prepare an a priori 

bound of the flow. 

Lemma A.l. For all h e (0, 1], \t\ < h,- 1 and (x, f ) 6 R 2d , 

\X h (t) -x\< + hix) 1 ^ 2 ) \t\, \E h (t)\ < |e| + hix) 1 ^ 2 . 

Proof. We consider the case t > 0. The proof for the case t < is analogous. Since the Hamilton 
flow conserves the total energy, namely 

p h (x,0=p h {X h (t),Z h (t)) for all t € M, 

we have 



|S h (t)| < Vpo(^fc(*),S h (t)) 

< \z\ + h(x) 1 - v/2 + h(x h (t)) 1 -" /2 . 

Applying the above inequality to the Hamilton equation, we have 

\X h (t)\ < \E h (t)\ < |C| + h{x) 1 - vl2 + h\X h {t) - x\. 

Integrating with respect to t and using Gronwoll's inequality, we obtain the assertion since e th < \t\ 
for 1*1 < hT 1 . □ 
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Let J <e (0, oo) be an open interval. For sufficiently small 5 > and for all < R < h 1 , the 
above lemma implies 



|/2 < \X h (t,x,£)\ < 2\x\ 



(A.l) 



uniformly with respect to h G (0,1], \t\ < SR and G f2(i?, J). By using this inequality, we 

have the following: 

Lemma A. 2. Let J, 8 be as above. Then, for h G (0, 1], < R < h~ l , \t\ < SR and (x,£) G 
Cl(R,J), Xh(t,x,^) and Shit, x,£) satisfy 



(A.2) 



(A.3) 



(A.4) 



f \X h (t)-x\ KCil + Shix) 1 -")^, 

I |s,w-ei<c((x)- 1 + / l 2 (x) 1 ^)|t| ; 

and, for \a + j3\ = 1, 

' \&z%{x h {t)-x)\ < c aP [(xy^ + h^ixy^ 2 ) \t\, 

\d^(E h (t)-0 < C aP ((x)- 1 -^ +^+l"l(x)- (1+HW2 ) |*|, 
and, for \a + j3\ > 2, 

( \d%dl(X h (t)-x)\ < C af3 6hM(x)- l R\t\, 
{ |9 x a 9f(H fe (t)-0l<C a ^H (x) -i| t |. 

Moreover C, C aj g > may be taken uniformly with respect to R, h and t. 

Proof. We only prove the case when t > 0, the proof for the case t < is similar. Applying Lemma 
IA.1I and (IA.1I) to the Hamilton equation, we have 

\E h (t)\<{X h (t))- 1 \E h (t)\ 2 + h 2 {X h (t)} 1 - / 

< (x)- 1 (l + h 2 {x) 2 - v ) + h 2 (x) 1 - / 

< (xy 1 + h 2 {x) 1 -\ 

l^' l WI<|s, l (t)|<i + ^) 1 ^, 

and (|A.2[) follows. 

We next prove (|A.3[) . By differentiating the Hamilton equation with respect to d"d^, \a+f3\ = 1, 
we have 



d_ fd^X h \ = (d x d ePh (X h ,S h ) dl Ph (X h ,E h ) } (d^X h 
dt \d%d?E h ) 



(A.5) 



-d*p h {X h ,~ h ) -d K d xPh (X h ,E h )J \d^E h 
Define a weight function Wh{x) = (x) 1 + h(x) v l 2 _ A direct computation and (IA.2I) then imply 

(d^d^ Ph )(X h (t),E h (t))\ < C a0 w h (x)^, \a + 0\ = 2, 
(d^p h )(X h (t),E h (t))\ < C a p(x) 2 - ]a+f,] w h (x)M- 1 , \a + P\ > 3, 

for all |i| < SR and (x>£) G fl(R, J), and d^p h = on R 2d for \(3\ > 3. By integrating (|A~5j) with 
respect to i, we have 

- x)\ + \d^(E h (t) - 01 



< 



jf (^(z) ( Wft (x)|9«5|(X fe (*) -x)\ + |c£cf (H h (t) - + 
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Using Gronwoll's inequality, we have (|A.3|) since \t\ < SR. 

For \a + j9| > 2, we shall prove the estimate for d^X^t) only. Proofs for other cases are 
similar, and for higher derivatives follow from an induction on \ct + /3|. By the Hamilton equation 
and (|AlSj) . we learn 

dlX h = d x d iPh (X h ,E h )dlX h + dl Ph (X h ,E h )dlE h + Q(h, x, 

where Q(h,x,£) satisfies 

Q(h,x,0<C ]T (9^p)(X h ,E h )(d 6l X h )\ a \(d Sl E h )W 

|a+/3|=3,|/3|=l,2 

<c{x)- x ^(z) |aM i*i N 

|cc|=l,2,3 

< C5(xy 1 R. 

We similarly obtain 

dlE h = -d 2 xPh (X h , E h )dlX h - dtd xPh (X h , E h )dlE h + OHx)- 1 ), 
and these estimates and Gronwoll's inequality imply 

(SRy^dlx^l + K^M 

< [ w h (x) ((SRy^dlxyt)] + \dlE h (t)\) + (x)- x dr 
Jo 

for < t < 5R. We hence have the assertion. □ 

Remark A. 3. If v = 1, then Lemma TA.2I implies that for any a, f3 € Z^, there exists C Qj a such 
that 

\d^(X h (t) - x)\ < C^SR 1 -^, \d%dl(E h (t) - < C aP 5R-\<*\ (A.6) 
uniformly with respect to h E (0, 1], < R < h~ l , \t\ < SR and (x,£) e f2(i?, J). 

Lemma A. 4. Suppose that v — 1 and let Ji (s J{ (s (0, oo) be open intervals. Then there exists 
S > small enough such that, for any fixed \t\ < SR, the map 

g h (t) : (x,0 ^ {X h (t,x,0,0 

is a diffeomorphism from fi(i?/2, J[) onto its range. Moreover, we have 

Q(R, Ji) C g h (t, Q(R/2, J[)), \t\ < SR. (A.7) 

Proof. We choose J" so that J[ <e J[' (e (0, oo). Choosing x £ S(l,g) such that 

0<X<1> su PPX cfi(i?/3,Jn, X = lonn(R/2,4), 

we define X%(t, x, £) := (1 — \( x i 0) x + x( x > 0-^h(t> x , £,) and set 

We also define (z, £) H> g^{t, z, f ) by 

g£(t,z,t) = {X%{t,z,£U) ■= {X%(t,Rz,t)/R,0. 
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By (JO]), there exists 6 > so small that, for \t\ < 5R, (z,£) E M. 2d , 

\d?dl{XX{t,z,t) - z)\ < \d^(J(g^)(t,z,0 - Id) | < C aP 5 < 1/2, 

where J(g%) is the Jacobi matrix with respect to (z, £). The Hadamard global inverse mapping 
theorem then shows that g%(t) is a diffeomorphism from M. 2d onto itself if \t\ < SR. By definition, 
gh(t) is a diffeomorphism from ft(R/2, J±) onto its range. 

We next prove (IA.7I) . Since gh(t) = <7*(*) and g*(t) is bijective on Q(R/2,J[), it suffices to 
check that 

0(i?,Ji) c D.9^(t,^(i?/2,J0 C ). 
Suppose that (x,£) £ fi(i?/2, J() c . If (x,£) e fi(_R/3, J{') c , then 

g*(t,x,0 = (x,0 £ 0(i?/3, Jf) c C Ji) c . 

Suppose that (x,£) G fl(R/3, J") \ Q(R/2, J[). By (IA.2I) and the support property of \, we have 

< \x\ + \x(X h (t) -x)\<R/2 + CSR 

for some C > independent of i? and h. Choosing S satisfying l/2 + C<5 < 1, we obtain g^(t 7 x, £) e 
Q(R,Jx) c . □ 

Let fl(R, Jx) 3 (x,0 i-> (*,£,£),£) be the inverse of fi(.B/2, JQ £ (x,£) ^ X, £), £)• 

Lemma A. 5. Let 5, J\ as above and v = 1. Then, for all h 6 (0, 1], < i? < /i -1 , < |t| < <5i? 
and (x, £) £ f2(i?, Ji), we have 

\d%d?!(Y h (t,x,0-x)\ < C^SR 1 -^, 
\d%dl(Z h (t,Y h (t,x,Z))-t;) < C afs 6R-^. 

Proof. We prove the inequalities for Yh only. Proofs for S/j(i, x, £), £) are similar. Since 

0r h (t,x,zU)en(R/2,j{), 

\Y h (t, x, - x\ = \X h (0, Y h (t, x, 0,0 ~ X h (t, Y h (t, x, 0, 0\ 

< sup \X h (t,x,0 - x\ 

< SR. 

Next, let a, j3 with a + f3\ = 1 and apply d" to the equality 

x = X h {t,Y h (t,x,0,0- 

We then have the following equality 

A(t,Z h (t))d%dl(Y h (t,x,0-x) = d^d^y - X h (t,y,r,))\ (ytri) = Zh(t) , (A.8) 

where Z h (t,x,0 = (Y h (t,x,0,0 and A(t,Z) = (d x X h )(t,Z). By (|A.2I) and a similar argument 
as that in the proof of Lemma [A. 41 we learn that A(Z h (t)) is invertible, and that A(Z h (t)) and 
A(Z h (t))~ 1 are uniformly bounded with respect to h G (, 1], \t\ < SR and (x, G il(R,Ji). 
Therefore, 

^(y h (t,a;,0-a!) < sup \8%tf{y - X h (t,y,r,))\ 
(x,c)en(J?/2,j;) 

^CapSR 1 -^. 

The proof for higher derivatives is obtained by an induction on \a + /3\, and we omit the details. □ 
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Proof of Proposition \4-l\ We consider the case when t > 0, and the proof for t < is similar. 
Choosing J <s J\ (g (0, oo), we define the action integral ^h(t, x, £) on [0, <$i?] x f2(i2/2, Ji) by 

* h (t,a;,0 :=x-£ + [ L h (X h («,y h (t,a:,0 > 0. H /.(*. 1 h(*.^0»0)^. 
Jo 

where L^x,!;) = £ • d^ph(x,^) — ph{x,£.) is the Lagrangian associated to and Yft is defined by 
the above argument with i? > replaced by i?/2. The smoothness property of ^/j follows from 
corresponding properties of Xh, and Yh- By the standard Hamilton- Jacobi theory, ^(i, a;, £) 
solves the Hamilton- Jacobi equation (14.11) on Vt(R/2, Ji) and satisfies 

In particular, we obtain the following energy conservation law: 

p h [x,d x ^ h (t,x,0) =Ph(Y h (t,x,£),(i). 
This energy conservation and Lemma IA.5I imply 
\ph(d x ^h(t,x,^) -Ph(x,0\ 

<\Y h (t,x,{)-x)\ f \d xPh (Xx + {l-X)Y h (t,x,0,0\dX 
Jo 

< C5R{( x y l + h 2 ) 

< cs. 

By using Lemma I A. 51 we also obtain 

\d£dl(p h (x,dj9 h {t,x,€))-p h (x,$)\<C a p6RM, a,/3eZ d + . 

Therefore, 

d^(^ h (t,x,0-x^ + tp h (x,0) 
Choose x G S(l, g) so that 

< X < 1, X = lon Q,(R, J) and suppx C Q(R/2,Ji), 

and define 

¥ h (f, a?, := ar • f - tphfo + x(x, ~ * " C + *Pfc(». £))• 

Clearly, ^(t, x, £) satisfies the statement of Proposition l4.il 
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